We theoretically investigate strong-coupling properties of a Bose-Fermi mixture. In the mass-and population-balanced case, two of the authors have shown that a strong hetero-pairing interaction in this mixture brings about coupling phenomena between Fermi atomic excitations and Bose atomic and composite molecular excitations, that appear as an anomalous multiple peak structure in the single-particle spectral weight (SW). [D. Kharga, et. al., J. Phys. Soc. Jpn. 86, 084301 (2017)].
I. INTRODUCTION
The high tunability of ultracold atomic gases has contributed to the development of quantum many-body physics discussed in various research fields [1] [2] [3] [4] : Using an optical lattice technique, Greiner and co-workers have observed the superfluid-Mott insulator transition in a 87 Rb Bose gas [5] . In 40 K [6] and 6 Li Fermi gases [7] [8] [9] , the superfluid phase transition and the BCS (Bardeen-Cooper-Schrieffer)-BEC (Bose-Einstein condensation) crossover phenomenon [10] [11] [12] [13] [14] have been realized, by using a tunable pairing interaction associated with a Feshbach resonance [15] .
Besides Bose gas and Fermi gas, a gas mixture of Bose and Fermi atoms has also extensively been studied in cold atom physics . This Bose-Fermi mixture is similar to a 4 He- 3 He mixture, as well as quark matter in high-energy physics [62] . Using this similarity, as well as the advantage that one can tune the strength of a Bose-Fermi pairing interaction by using a hetero-nuclear Feshbach resonance, Ref. [62] suggests that this atomic mixture may be used as a quantum simulator for the study of dense QCD matter, where a bound di-quark (boson) and an unpaired quark (fermion) form a nucleon (composite fermion).
In a mass-and population-balanced Bose-Fermi mixture, two of the authors have recently shown that a strong Bose-Fermi pairing interaction causes couplings between Fermi atomic excitations and Bose atomic excitations, as well as atomic excitations and molecular excitations [46] . As an interesting phenomenon associated with these couplings, the Fermi component of the single-particle spectral weight (SW) has been shown to exhibit a threepeak structure, consisting of two sharp peaks along the free fermion dispersion and composite molecular dispersion, and a broad downward peak being related to Bose single-particle excitations. Here, we recall that SW in a free Fermi gas only has a single peak line along the free particle dispersion. In a two-component Fermi gas in the BCS-BEC crossover region, SW is known to exhibit a two-peak structure associated with the pseudogap phenomenon originating from strong-pairing fluctuations [63] [64] [65] [66] . Thus, the three-peak structure in the Fermi SW is expected to be a characteristic of a strongly interacting Bose-Fermi mixture.
To confirm this expectation, however, one should remember that any real Bose-Fermi mixture is composed of different kinds of atoms or different isotopes, such as 87 Rb-40 K and 23 Na-40 K gases, so that it is always accompanied by mass imbalance. In addition, when it is trapped in a harmonic potential, bosons and fermions have different density profiles so that local population imbalance is unavoidable, even when both the components have the same number of atoms. Although a box-type trap has recently been invented [67] [68] [69] (where a trapped gas is almost uniform), the conventional harmonic trap is still used in many experiments. At this stage, it is unclear to what extent these realistic situations affect the above-mentioned many-body coupling phenomena obtained in the somehow academic massand population-balanced case. We also note that highly population-imbalanced Bose-Fermi mixture has recently attracted much attention in the study of Bose polaron [70] [71] [72] [73] [74] [75] [76] .
In this paper, we investigate single-particle properties of a Bose-Fermi mixture with a hetero-nuclear Feshbach resonance. Extending the previous work [46] to include mass and population imbalances, we examine how these affect strong-coupling corrections to SW.
We clarify whether or not the many-body coupling phenomena obtained in the mass-and population-balanced case survive in a mass-imbalanced 87 Rb-40 K and 23 Na-40 K mixtures. As an observable quantity related to SW, we also deal with the photoemission spectrum [77] [78] [79] [80] [81] .
This paper is organized as follows. In Sec. II, we explain our formulation. We separately examine effects of population imbalance and mass imbalance in Secs. III, and IV, respectively. In Sec. V, we pick up a 87 Rb-40 K mixture, as well as a 23 Na-40 K mixture as typical two example of mass-imbalanced Bose-Fermi mixture. Throughout this paper, we set = k B = 1, and the system volume V is taken to be unity, for simplicity.
II. FORMULATION
We consider a gas mixture of single-component Bose atoms and single-component Fermi atoms, with a hetero-nuclear Feshbach resonance. This Bose-Fermi mixture is modeled by the Hamiltonian,
where c † p,s is the creation operator of a Bose (s=B) and a Fermi (s=F) atom. ξ s-wave scattering length a BF . It is related to the bare pairing interaction −U BF as
Here, m = 2m B m F /(m B + m F ) is twice the reduced mass, and p c is a cutoff momentum. We measure the interaction strength in terms of the inverse scattering length (k tot a BF ) −1 . Here
is the Fermi momentum in an assumed two-component Fermi gas with the total number N tot = N F + N B of fermions, where N s=B,F is the particle number in the s-component. In this scale, the interaction strength increases with increasing (k tot a BF ) −1 from the negative value. (k tot a BF ) −1 = 0 represents the unitarity limit.
This paper only considers a uniform gas, ignoring effects of a harmonic trap, for simplicity.
However, the local population imbalance coming from the difference of the density profile between the Bose and the Fermi components in a trap is partially examined by considering the population-imbalanced case (N B = N F ).
Strong-coupling corrections to Bose and Fermi single-particle excitations are conveniently described by the self-energy Σ s=B,F (p, iω s ) in the single-particle thermal Green's functions,
where iω B (iω F ) is the boson (fermion) Matsubara frequency.
We evaluate Σ s (p, iω s ) within the framework of the T -matrix-type approximation developed in Ref. [46] , which is diagrammatically described in Fig.1 . This diagrammatic structure is formally the same as that in the ordinary (non-selfconsistent) T -matrix approximation (TMA); however, the crucial difference is that the bare Bose Green's function,
in the ordinary TMA self-energy diagrams is now replaced by the modified one [46] ,
Here,ξ 0) ) involves the self-energy correction at p = iω B = 0. This is motivated by the Hugenholtz-Pines theorem [82] ,
stating that the Bose excitations become gapless at the BEC phase transition. The modified (5) is chosen so as to satisfy this required condition at T c . We briefly note that the bare Bose Green's function G 0 B in Eq. (4) still has a gapped Bose excitation spectrum at T c , which means that the self-energy in TMA underestimates effects of low-energy Bose excitations near T c .
In this improved T -matrix approximation (iTMA), the summation of the diagrams in Fig.   1 gives
where
is the bare Fermi single-particle Green's function, and
is the iTMA Bose-Fermi scattering matrix, physically describing hetero-pairing fluctuations.
Here,
is the hetero-pair correlation function, where n B (x) and f (x) are the Bose and Fermi distribution function, respectively.
The BEC phase transition temperature T c is conveniently determined from the Hugenholtz-Pines condition in Eq. (6) . We actually solve this equation, together with the equation for the number N B (N F ) of Bose (Fermi) atoms,
to self-consistently determine T c , µ B (T c ), and µ F (T c ). Above T c , we only deal with the number equations (12) and (13) , to evaluate µ B (T ), and µ F (T ).
The single-particle spectral weights (SWs) A s=B,F (p, ω) are related to the analyticcontinued Green's functions as,
where δ is an infinitesimally small positive number. The photoemission spectra (PESs)
I s=B,F (p, ω) [77] [78] [79] are then immediately obtained from SWs as [80, 81] , under the assumption that the final state interaction is absent,
Here, t s is a transfer-matrix element from the initial atomic hyperfine state |I to the final one |F ( = |I ). Between the two, the Fermi SW will be found to be more useful for the study of many-body coupling phenomena mentioned in Sec. I. Thus, we only examine the corresponding Fermi PES in this paper. bosons in Eq (17) . 'QCP' is the quantum critical point at which T c vanishes. Figure 2 shows the BEC transition temperature T c in a Bose-Fermi mixture with population imbalance (N B = N F ). In the weak-coupling limit (k tot a BF )
III. SINGLE-PARTICLE EXCITATIONS IN A POPULATION-IMBALANCED BOSE-FERMI MIXTURE
do not affect the BEC phase transition, T c is simply given by the BEC phase transition temperature in an ideal Bose gas,
where ζ(3/2) 2.613 is the zeta function. Starting from this extreme case, when N B /N F < 1, we see in Fig When N B > N F ( Fig. 2(b) ), on the other hand, the BEC phase transition remains to
). This is simply because the number ∆N B ≡ N B − N F (> 0) of bosons remain unpaired in this limit. Indeed, T c in the strong-coupling limit is well described by their BEC transition temperatureT
as shown in Fig.2 (b). 
is a molecular mass and µ CF is the molecular chemical potential [83] .
When the ratio N B /N F decreases from unity ( Fig.s 3 (a3)→(a1)), the two peaks (B) and (C) are found to gradually disappear. This is simply because the system approaches a singlecomponent free Fermi gas. In the extreme population-imbalanced case shown in Fig. 3(a1) , the peak line (A) is only seen, as expected.
In the opposite case, on the other hand, with increasing the ratio N B /N F > 1, while the broad peak (B) gradually disappears, the molecular peak (C) continues to exist, in addition to the free fermion dispersion (A), even in Fig. 3(a5) .
To understand these population-imbalance effects on the Fermi SW, we conveniently 
We set m B = m F . The spectral intensity is normalized by ε
(For the outline of the derivation, see the Appendix.) In Eq. (19) , N CF = q f (ξ of the average over the direction of k CF in Eq. (19) , the Bose excitations gives the broad spectrum structure in the negative energy region of Fig. 3(a3) .
As the number N B of Bose atoms decreases (N B /N F < 1), both N 0 B and N CF in the denominator in Eq. (19) decrease, to eventually vanish in the limit N B → 0. This immediately explains the single-peak structure in the Fermi SW in Fig. 3(a1) .
On the other hand, when N F decreases (N B /N F > 1), while N CF vanishes in the large population-imbalance limit, N 0 B would approach the non-zero value N B . Thus, Eq. (19) is reduced to
which has the two poles,
Equation (21) explains the two-peak structure in Fig.3(a5) . That is, the Fermi single-particle excitations in the highly population-imbalanced regime (N B /N F 1) are dominated by the atom-molecule coupling phenomenon. We briefly note that this limit just corresponds to the Bose-polaron system.
Applying the same approximation to the Bose component, we obtain [46] ,
Here, (22) shows that the Bose singleparticle excitations (ω = ξ Fig. 3(b3) ).
When the number N F of Fermi atoms decreases (N B /N F > 1), both N 0 F and N CF decrease. Thus, the Bose SW is gradually reduced to the spectral weight in a free Bose gas (where the single peak line is along ω = ξ With increasing N F (N B /N F < 1), the system eventually reaches the situation that The atom-molecule coupling phenomenon seen in Figs. 3(a4) and (a5) also appears away from the unitarity limit, as shown in the left panels in Fig. 4 . In this figure, when (k tot a BF ) −1 > 0, the appearance of the lower sharp peak associated with molecular exci-tations would be reasonable, because the pairing interaction is strong enough to produce two-body bound states there. On the other hand, Fig. 4(a1) shows that the Fermi SW still has a sharp molecular peak line, in spite of the absence of a two-body bound state when
Regarding this, plotting the spectrum Im[Γ BF (p, iω F → ω + )] of the Bose-Fermi scattering matrix, one finds an isolated sharp peak line (which physically describes composite Fermi molecular excitations) below the continuum spectrum, not only in the strong-coupling regime (Figs. 4(b2)-(b4) ), but also in the weak-coupling region (Fig. 4(b1) ). The latter result implies the stabilization of a Bose-Fermi bound state by a many-body (medium) effect. To see this in a simple manner, we approximate Eq. (10) at T c to, after taking the analytic
whereω = ω + µ F , and we have used the fact that the Bose distribution function n B (ξ 
This indicates that a Bose-Fermi bound state is also possible, when (k tot a BF ) −1 ≤ 0 (where the two-body bound state is absent) in the many-particle case [51] [52] [53] . At the unitarity 
In Fig. 4 , the lower peak line in each left panel is found to be close to the bound-state dispersion (dashed line) in the right panel, although the former is somehow pushed down, due to the coupling with the Fermi atomic excitations ω = ξ F p (see Eq. (21)). In this figure, with increasing the strength of a hetero-pairing interaction (panel (a1)→(a4)), the character of a Bose-Fermi molecule continuously changes from the many-body bound state assisted by medium, to the two-body bound state. We briefly note that a similar crossover phenomenon shows the logarithmic plot to show the three-peak structure discussed in Fig. 3 . from a polaron state to the two-body bound state (polaron-molecule crossover) has been discussed in the Bose-polaron system at T = 0 [73] .
The above discussions are also applicable to the population-balanced case (N B = N F ):
In Fig. 5 , the spectrum −Im[Γ BF (p, iω F → ω + )] of the Bose-Fermi scattering matrix (right panels) has an isolated sharp peak, bringing out the lower peak in the Fermi SW A F (p, ω) (left panels). In the right panels, the peak energy is lowered as the interaction strength increases, because of the increase of the binding energy of a Bose-Fermi bound state. This tendency is the same as the highly population-imbalanced case shown in Fig. 4 .
In the normal state above T c , we expect the following two thermal effects: (1) The Bose distribution function n B (ξ T 0 c is the BEC phase transition temperature in an ideal Bose gas given in Eq. (17) . Figure 6 indicates that, when we use the Fermi SW to examine the crossover from the medium-assisted (many-body) bound state in the weak-coupling regime to the two-body bound state in the strong-coupling regime in a highly population-imbalanced Bose-Fermi mixture, we need to set the temperature near T c , in order to observe the former bound state. Figure 7 shows the BEC phase transition temperature T c and effects of mass imbalance in a Bose-Fermi mixture, where mass difference is parametrized by
IV. SINGLE-PARTICLE PROPERTIES OF MASS-IMBALANCED BOSE-FERMI MIXTURE
In this figure, T c gradually decreases from the ideal Bose-gas result T 0 c in Eq. (17), with increasing the Bose-Fermi interaction strength, to eventually vanish at a certain interaction 
where m is given below Eq. (2). In the strong-coupling regime where most bosons form Bose-Fermi molecules, when the bare BEC transition temperature T 0 c is much lower than the characteristic temperature T 2b bind ∼ E 2b bind , the BEC instability would no longer occur, because of the absence of unpaired bosons. Thus, the QCP is roughly estimated from the Figure 8 shows that Eq. (28) is consistent with the overall R m -dependence of (k tot a c BF ) −1 .
Because the above simple discussion assumes the two-body bound state, (k tot a c,app
Eq. (28) To understand these in a simple manner, we conveniently plot in (19) is suppressed. Because of this, the broad peak (B) in the mass balanced case in Fig. 10(a3) gradually becomes sharp, as one moves from panels (a3) to (a1).
Compared to the Fermi SW, the Bose SW A B (p, ω) is not so sensitive to the mass imbalance, as shown in the right panels in Fig. 10 , which is simply due to the two angular integrations in the denominator in Eq. (22) . Thus, as in the population-imbalanced case, the Fermi SW A F (p, ω) is more suitable for the study of strong-coupling corrections to single-particle excitations in a mass-imbalanced Bose-Fermi mixture. can still see the atom-molecule coupling in this mixture.
We emphasize that these many-body coupling phenomena still remain to some extent, away from the unitarity limit, as shown in Fig. 12 . In both the mixtures, the atom-molecule coupling is found to remain with decreasing the interaction strength (see the upper two panels in Fig. 12 ). This is simply due to the increase of N However, since the molecular binding energy is large in the strong coupling regime, the temperature region where this idea works would be wide there. be a good idea to detect spectra, avoiding the spatial region where ρ B (r) ρ F (r). For this purpose, the local photoemission-type experiment developed by JILA group [79] would be useful. As an alternative way, a box trap [67] [68] [69] may also be promising, because an almost uniform gas is realized there.
VI. SUMMARY
To summarize, we have discussed single-particle excitations and effects of mass and population imbalances in a Bose-Fermi mixture. Including hetero-pairing fluctuations associated with an attractive Bose-Fermi interaction within the framework of the improved T -matrix approximation developed by two of the authors, we calculated the single-particle spectral weight (SW), as well as the photoemission spectrum (PES), in the normal state above the BEC phase transition temperature T c .
In the mass-and population-balanced case (m B = m F and N B = N F ), it is known that strong hetero-pairing fluctuations cause couplings between atomic excitations and composite molecular excitations (atom-molecule coupling), as well as between Fermi atomic excitations and Bose atomic excitations (Fermi-Bose coupling). These many-body phenomena bring about additional two spectral peaks in the Fermi SW. Together with the ordinary spectral peak along the single-particle Fermi dispersion, the resulting Fermi SW exhibits a three-peak structure.
In the presence of population imbalance, we showed that, when N B /N F 1, the both atom-molecule and Fermi-Bose coupling phenomena become weak, so that the Fermi SW becomes close to that in a free Fermi gas. When N B /N F 1, on the other hand, the former coupling remains to exist, leading to a two-peak structure in the Fermi SW. This difference We have also examined how mass difference between a Fermi atom (m F ) and a Bose atom (m B ) modifies many-body corrections to single-particle excitations. In both the limits m B /m F 1 and m B /m F 1, we found that the Fermi SW exhibits, not a three-peak, but a two-peak structure; however, their physical meanings are different. When m B /m F 1, the Fermi-Bose coupling causes the second peak line in addition to the ordinary peak line along the free-particle dispersion. In the opposite limit, the additional peak comes from the atom-molecule coupling. This is because the strengths of these couplings differently depend on the ratio m B /m F .
When one goes away from these limiting cases, the Fermi SW exhibits the three-peak structure as in the mass-balanced case. We explicitly confirmed this in the cases of a massimbalanced 87 Rb-40 K (m B > m F ) and a 23 Na-40 K (m B < m F ) mixtures. We also pointed out that these many-body coupling phenomena may be observed by the photoemission-type experiment, by explicitly evaluating the photoemission spectra for these realistic examples.
In this paper, we have treated a uniform Bose-Fermi mixture, for simplicity. In a real trapped mixture in a harmonic potential, we expect that the Fermi and Bose atoms have different density profiles, leading to local population imbalance. Although this inhomogeneous effect has only partially been examined in this paper, by considering the populationimbalanced case, to fully understand strong-coupling properties of a trapped Bose-Fermi mixture, it would be necessary to explicitly treat the trapped geometry. Besides this, we have also ignored an interaction between Bose atoms, which would be crucial for the stability of this system. These problems remain as our future challenges. Since the atom-molecule and Fermi-Bose couplings are characteristic many-body phenomena in a Bose-Fermi mixture with a hereto-pairing interaction, our results would contribute to further understanding of strong-coupling properties of this novel quantum many-body system. approximate expression is still useful to grasp the essence of strong-coupling corrections to single-particle excitations. Substituting Eq. (A1) into the self-energy Σ F (p, iω F ) in Eq. (8),
we have, after carrying out the ω F -summation,
